Abstract. With each Fell bundle over a discrete group G we associate a partial action of G on the spectrum of the unit fiber. We discuss the ideal structure of the corresponding full and reduced cross-sectional C * -algebras in terms of the dynamics of this partial action.
Introduction
The discussion of the ideal structure of crossed products by a discrete group by means of the dynamical properties of the action goes a long way back (see, for instance, [9] , [22] , [18] ).
Archbold and Spielberg discussed in [8] the relation between the ideal structure of the full crossed product and that of the base algebra, under the assumption of topological freeness. More recently, the definition of topological freeness and several related results were extended to different settings: by Exel, Laca and Quigg for partial actions on commutative C * -algebras in [12] , by Lebedev in [17] , and later by Giordano and Sierakowski in [14] , for partial actions on arbitrary C * -algebras, and by Kwaśniewski in [16] ) for crossed products by Hilbert C * -bimodules. We show in this article that a Fell bundle B over a discrete group G gives rise to a partial action of G on the spectrum of the unit fiber. This partial action agrees with those discussed in the works mentioned above, and we generalize to this context some of the results in them.
This work is organized as follows. After establishing some background and notation in Section 1, we introduce in Section 2 a partial actionα on the spectrum of the unit fiber of a Fell bundle B over a discrete group. When B is the Fell bundle corresponding to a partial action γ, thenα agrees withγ, as defined in [5, Section 7] or [17] , and when B is the Fell bundle associated in [2] with the crossed-product by a Hilbert C * -bimodule, thenα is the homeomorphismĥ discussed in [16] . Following familiar lines, we establish in Section 3 a bijective correspondence between the family ofα-invariant open sets in the spectrum of the unit fiber and the set of ideals in B (Proposition 3.8 and Proposition 3.10) This enables us to show that, whenα is topologically free, its minimality is equivalent to the simplicity of C * r (B) (Corollary 3.12). We then go on to generalize to our setting, in Theorem 3.19, some of the results of Giordano and Sierakowski in [14] concerning the connection among the exactness property, the residual intersection property, the structure ideal of B, and that of C * r (B). Finally, Section 4 contains some applications to the theory of Fell bundles with commutative unit fiber.
Preliminaries
In this section we establish some notation and recall some basic definitions and facts about the spectrum of a C * -algebra and the Rieffel correspondence. We refer the reader to [19] for further details.
If A is a C * -algebra, we denote by I(A) the lattice of ideals in A and by Prim A the primitive space of A. That is, Prim A is the set of primitive ideals with the hullkernel topology. The spectrum of A, which we denote byÂ, consists of the unitary equivalence classes of irreducible representations of A with the initial topology for the map Suppose now that A and B are C * -algebras and that X is an A−B imprimitivity bimodule. We denote by , L and , R the left and right inner products on X, respectively.
An irreducible representation π : B → B(H π ) induces an irreducible representation Ind X π of A as follows. Let X ⊗ B H π be the Hilbert space obtained as the completion of the algebraic tensor product X ⊙ B H π with respect to the norm induced by the inner product determined by
for a ∈ A, x ∈ X, and h ∈ H π . Since Ind X π is irreducible as well, the imprimitivity bimodule X yields a map
that turns out to be a homeomorphism. The imprimitivity bimodule X also yields the Rieffel correspondence
which is a lattice isomorphism determined by the equation
where XI = span{xi : x ∈ X, i ∈ I} and h X (I)X = span{jx : x ∈ X, j ∈ h X (I)}.
These constructions are connected by the relation ( [19, 3.24]) ker Ind X π = h X (ker π).
(1.6) are homeomorphisms. If X is an A − B imprimitivity bimodule and J is an ideal in B, then XJ = h X (J)X, and X/XJ is an A/h X (J) − B/J imprimitivity bimodule. Furthermore, the diagram
commutes.
The partial action associated with a Fell bundle
Notation. Throughout this work B = (B t ) t∈G will denote a Fell bundle over a discrete group G. We will make use of the usual notation:
for X ⊆ B t and X i ⊆ B ti , where t, t i ∈ G and i = 1, · · · , n. In this setting, B t is a Hilbert C * -bimodule over B e , for left and right multiplication and inner products given by
We denote by C * (B) the cross-sectional C * -algebra of B, and by C c (B) the dense *-subalgebra of compactly supported cross sections.
The map E : C c (B) −→ B e consisting of evaluation at e extends to a conditional expectation E : C * (B) −→ B e . We next recall some definitions and results related to the reduced cross-sectional C * -algebra of a Fell bundle. Further details and proofs can be found in [10] . Let ℓ 2 (B) denote the right Hilbert C * -module over B e consisting of those sections ξ such that t∈G ξ * (t)ξ(t) converges in B e . Thus, ℓ 2 (B) is the direct sum of the right B e -Hilbert C * -modules {B t : t ∈ G}. Let j t : B t −→ ℓ 2 (B) be the inclusion map. That is,
where bδ t (s) = δ s,t b, δ s,t being the Kronecker delta. Then j t is adjointable, and its adjoint is evaluation at t. Each b t ∈ B t defines an adjointable operator Λ bt ∈ L(ℓ 2 (B)), given by
The reduced C * -algebra C * r (B) of the Fell bundle B is the C * -subalgebra of L(ℓ 2 (B)) generated by {Λ b : b ∈ B}. The correspondence b t → Λ bt extends to a *-homomorphism Λ :
3) We will often view B e as a C * -subalgebra of C * r (B) by identifying a ∈ B e with Λ a ∈ C * r (B). We denote by D t the ideal in B e defined by D t = B t B * t . Since the structure described above makes B t into a D t − D t −1 imprimitivity bimodule, B t yields, as in equation (1.4), a homeomorphism
We will denote by X t , r t , and q t , respectively, the set X D t and the maps r D t and q D t defined in (1.7) and (1.8). Notice that X e =B e . Finally, we denote byα t the homeomorphism that makes the diagram
for all t ∈ G. We first show that domα sαt ⊆ domα st . Let π ∈ domα sαt , and assume that π ∈ domα st . That is, π| D (st) −1 = 0. We will show that this implies that α t (π)| D s −1 = 0, which contradicts the fact that π ∈ domα sαt .
In fact, let d ∈ D s −1 . Then, for b ∈ B t and h ∈ H π , we have
. We now show thatα st =α sαt on domα sαt . Namely, we will show that if π ∈ domα sαt is a representation on H π , then the map
for b s ∈ B s , b t ∈ B t , and h ∈ H π , is a unitary operator intertwiningα sαt (π) and α st (π). In order to check that the definition of U makes sense, first notice that
This implies that the map
Besides, U is an isometry because if b s , c s ∈ B s , b t , c t ∈ B t , and h, h ′ ∈ H π , then
Furthermore, U is onto because its image is a non-zeroα Example 2.4. Crossed products by Hilbert C * -bimodules. When B is the Fell bundle associated to a Hilbert C * -bimodule X over a C * -algebra A as in [2, 2.6], the associated partial actionα is the partial homeomorphismĥ discussed in [16] . When the C * -algebra A is commutative it also agrees with the partial homeomorphism induced by the partial action θ in [1, 1.9].
Example 2.5. Partial crossed products.
If γ = ({γ t } t∈G , {D t } t∈G ) is a partial action of a discrete group G on a C * -algebra A, then the Fell bundle B γ associated with γ has fibers B t = {t} × D t with the obvious structure of Banach space, and product and involution given by:
. The unit fiber of B γ gets identified with A in the obvious way.
The partial action γ induces a partial actionγ onÂ that was defined in [5, §7] and [6] and further discussed in [17] . The partial actionγ is given bŷ
and it agrees with the partial action associated with the Fell bundle B γ . In fact, it is easily checked that, if π ∈D t −1 is a representation on a Hilbert space H π , then the map
for d t ∈ D t , t ∈ G, and h ∈ H π , is a unitary operator intertwining Ind Bt π and
Example 2.6. Fell bundles with commutative unit fiber. We now assume that the Fell bundle B has commutative unit fiber, that is, B e = C 0 (X), for a locally compact Hausdorff space X. We identify X withB e in the usual way: x ∈ X is viewed as [π x ] ∈B e , where π x is evaluation at x.
If I x = ker π x , then x ∈ X t −1 if and only if B *
Therefore, if b t (x) denotes the image of an element b t of B t under the quotient map on B t /B t I x , then
Besides, if x ∈ X t −1 , we have, by (1.6),
for a ∈ B e and b t ∈ B t .
Topological Freeness and Ideals in the Cross-Sectional C*-algebras
In this section we show that some well-known results relating topological freeness and the ideal structure of crossed products carry over to our setting. 
Proof. Statement (i) is apparent. As for (ii), consider the orthogonal decompositions
Notice that any element in B t can be written as xb t y, where x ∈ D t , b t ∈ B t , and y ∈ D t −1 . Besides, if σ ∈ X t −1 , then σ| D t −1 = 0, and, for any h ∈ H,
which shows that H t = {0}. If σ ∈ X t , then, for x, b t , y as above, and h, h ′ ∈ H,
which completes the proof of (ii). In order to prove (iii), we now assume that σ ∈ X t ∩ X t −1 . Let σ t denote the subrepresentation of ρ| Be on H t , that is,
for all c ∈ B e and h t ∈ H t . Then the map
is a unitary operator intertwining σ t andα t (σ). In fact, if b t , c t ∈ B t , and h, k ∈ H, then
, then σ and σ t are irreducible non-equivalent subrepresentations of ρ| Be . It now follows from [7, 12.15] 
has empty interior for any t in G \ {e}.
Theorem 3.3. Suppose that B = (B t ) t∈G is a Fell bundle over a discrete group G,
A is a C * -algebra, and
is a *-homomorphism, and let J := ker φ ∩ B e . If the partial actionα associated with B is topologically free onB e \ X J , then
Proof. Since it suffices to show that (3.1) holds when c belongs to the dense ⋆-subalgebra C c (B) of compactly supported cross sections, we assume that
where supp(c) is a finite subset of G. In order to show the statement, we will prove that
Besides, since the map σ → σ(E(c)) is lower semicontinuous onB e \ X J ([19, A30]), we can choose a set V that is open inB e \ X J and such that
for all σ ∈ V . Now, sinceα is topologically free onB e \ X J , the set
does not contain V . Thus, we can choose a representation σ ∈ V on a Hilbert space H such that σ ∈ F . Letφ : B e /J → φ(B e ) be the canonical isomorphism induced by φ| Be , and let ψ 0 be a state of φ(B e ) associated with the irreducible representation q J (σ) • (φ) −1 , where q J is as in (1.8) . Extend ψ 0 to a pure state ψ on φ(C * (B)). The GNS construction for ψ yields a representation π of φ(C * (B)) on a Hilbert space K containing a closed subspace H such that q J (σ) • (φ) −1 is the subrepresentation of π| φ(Be) on H.
We now define ρ :
for all b ∈ B e , which shows that σ is an irreducible subrepresentation of ρ| Be . We now set H t = spanρ(B t )(H). By Proposition 3.1 we have, since σ ∈ F , that H t ⊥ H for all t ∈ supp(c) such that t = e.
Therefore, 
Consequently, E(I) ⊆ I ∩ B e = {0}, and I ⊂ ker Λ (see Equation (2.3)).
(ii) Let J = Λ −1 (I). Then J ⊳ C * (B) and Λ(J ∩ B e ) ⊆ I ∩ B e = {0}. Therefore, J ∩ B e ⊆ ker Λ ∩ B e = {0}. It now follows from (i) that J ⊆ ker Λ. Hence, I = Λ(J) = {0}. 
Proof. Suppose that I is B-invariant. Then B t IB * t ⊆ I, and, since B t IB * t ⊆ B t B e B * t = B t B * t , we have that B t IB * t ⊆ I ∩ B t B * t . On the other hand, since B * t IB t ⊆ I, we have that
Thus, (i) implies (ii). Now, if (ii) holds, then
which implies (iii). Clearly I is a right ideal, and it is apparent that it is also a left ideal if (iii) holds. Finally, suppose that I is an ideal in B. Then
, then J ∩ B e is a B-invariant ideal. Proof. In both cases J e B t = J t = B t J e , where J t = J ∩ B t , for all t ∈ G. It is clear that J t ⊇ J e B t and J t ⊇ B t J e . On the other hand, since J t is a Hilbert C * sub-bimodule of B t , we have that Proof. Assume that I is B-invariant. Then, by proposition 3.6, I = (I t ) is an ideal in B, and the correspondence I → I is injective because I e = I. Conversely, if I is an ideal of B, let I t := I ∩ B t , for all t ∈ G. Since I is a Fell bundle and a right ideal of B, we have:
I t = I e I t ⊆ I e B t ⊆ I ∩ B t = I t . Then I t = I e B t , and, analogously, I t = B t I e . Thus, I e is a B-invariant ideal of B e , and I = (I e B t ).
Finally, it is clear that both maps preserve inclusion, which implies they are lattice isomorphisms. Definition 3.9. Recall that if α is a partial action of G on a set X, then a set S ⊂ X is said to be α-invariant if Proof. Since it is well known that the correspondence J → X J is a lattice isomorphism from I(B e ) to the topology ofB e , the proof comes down to showing that an ideal J in B e is B-invariant if and only if the open set X J isα-invariant.
First assume that J is B-invariant. If σ ∈ X J ∩ X t −1 , then σ| JD t −1 = 0. Besides, B t J = JB t is a D t J − JD t −1 imprimitivity bimodule, and it follows that Ind BtJ (σ| JD t −1 ) = 0.
On the other hand, if σ is a representation on a Hilbert space H σ , then the map
Assume now that X J isα-invariant. Then
for all t ∈ G. Now, since the Rieffel correspondence is a lattice isomorphism,
ii) The Fell bundle B has no non-trivial ideals. (iii) B e has no non-trivial B-invariant ideals. (iv)
The partial actionα is minimal.
Then we have (i) ⇒ (ii) ⇐⇒ (iii) ⇐⇒ (iv) and, ifα is topologically free, then we also have (iv) ⇒ (i), so in this case all the statements are equivalent.
Proof. Since all open proper subsets ofB e can be written as X J for some non-trivial ideal J in B e , Proposition 3. Suppose now that iv) holds and thatα is topologically free. Let J ✁ C * r (B), and set J e = J ∩ B e .
By Remark 3.7, J e is B-invariant. Now, by Proposition 3.10, X Je = ∅, which implies that J e = {0}. It now follows from Corollary 3.4 that J = {0}, which implies that C * r (B) is simple.
Let A = (A t ) t∈G and B = (B t ) t∈G be Fell bundles over a discrete group G. A map φ : A → B is said to be a morphism if φ| At : A t → B t is linear for all t ∈ G, and φ(aa ′ ) = φ(a)φ(a ′ ), φ(a * ) = φ(a) * , for all a, a ′ ∈ A, which implies that φ is norm decreasing. A morphism φ induces a homomorphism φ c : C c (A) → C c (B), given by φ c (f )(t) := φ(f (t)). The map φ c is a 1 -continuous * -homomorphism, so it extends to a homomorphism of Banach * -algebras φ 1 :
, and hence to a C * -algebra homomorphism φ * : C * (A) → C * (B). Thus, we have a
, that turns out to be exact ( [3, 3.1] ). If we now consider reduced C * -algebras instead of full C * -algebras, we get another functor. In fact, suppose that E A : C * (A) → A e is the canonical conditional expectation and that Λ A : C * (A) → C * r (A) is the canonical homomorphism. Since ker Λ A = {x ∈ C * (A) : E A (x * x) = 0}, and the diagram We now consider the maps ν 1 , ν 2 : I(C * r (B)) → I(B), given as follows. ν 1 (J) is the ideal of B corresponding to J ∩ B e by Proposition 3.6 (and Remark 3.7). That is, ν 1 (J) = (J t ) t∈G , where J t = J ∩ B t . Also, define ν 2 (J) to be the ideal of B generated by E B (J). Then both ν 1 and ν 2 are left inverses for µ, which implies that µ is injective. However, µ is not surjective in general. Clearly, a necessary condition for µ to be onto is that ν 1 = ν 2 , that is, that J ∩ B e = E B (J) for all J ∈ I(C * r (B)). Given an ideal J of C * r (B), let J (1) := ν 1 (J) and J (1) := µν 1 (J), for µ and ν 1 as above. Then J (1) ⊆ J, for it is the closure of the subset C c (J (1) ) of J. Similarly, we define J (2) := ν 2 (J) and J (2) := µν 2 (J). Then J (2) is the ideal of B generated by E B (J), and J (2) = C * r (J (2) ). Note that the unit fiber of J (2) is the invariant ideal of B e generated by the ideal E B (J) of B e . Since E B is the identity on J ∩ B e , it follows that J (1) ⊆ J (2) . Therefore, 
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If B has the exactness property at every ideal I ∈ I(B), we say that B has the exactness property, and if it has the intesection property at every ideal I ∈ I(B), we say that B has the residual intersection property.
In view of the previous definition, the second statement of Corollary 3.4 could be restated in the following way: B has the intersection property whenever its associated partial action is topologically free. More generally, we have: Proposition 3.15. Let B = (B t ) t∈G be a Fell bundle over a discrete group G. Suppose that J = (J t ) t∈G is an ideal of B, and let X :=B e \ X Je . If the partial action of B is topologically free on X, then B has the intersection property at the ideal J .
Proof. The unit fiber of the quotient bundle B/J is B e /J e , whose spectrum is homeomorphic toB e \ X Je = X. On the other hand, it is readily checked that the partial action associated to the Fell bundle B/J agrees with the one induced by the partial action of B. Now, by the commutativity of diagram (1.9) and the fact that the partial action associated with B is topologically free on X, we conclude that the partial action associated to B/J is topologically free. Finally, we apply part (ii) in 3.4. 
(ii) If B has the exactness property and the intersection property at J (1) , then
/ / 0 be the exact sequence associated with the ideal J (2) of B, and suppose that B has the exactness property at J (2) . Then the diagram
is commutative and has exact rows. If 2) ), because of the exactness of the first row at C * r (B). This shows that J ⊆ J (2) . Since the inclusion J (1) ⊆ J always holds, and the definition of diagonal invariance requires precisely that J (1) = J (2) , which implies that J (1) = J (2) , we conclude that J (1) = J = J (2) . Suppose now that B has both the exactness and the residual intersection properties at J (1) . Let q : B → B/J (1) be the quotient map. In order to prove that 2) , it suffices to show that J (1) = J, for in this case we have that E(J) ⊆ J (1) , and, consequently, that J (2) = J (1) . In other words, we have to show that q r (J) = {0}. Since B is exact at J (1) , we have ker q r = J (1) . Let q r : C * r (B)/J
(1) → C * r (B/J (1) ) be the isomorphism induced by q r . Since B has the intersection property at J (1) , in order to prove that q r (J) = {0}, it suffices to show that q r (J) ∩ B e /(J ∩ B e ) = {0}, or, equivalently, that
. Let x ∈ J, and b ∈ B e be such that 1) and x ∈ J (1) , so (3.6) holds, and (ii) follows. Proof. It follows from Proposition 3.17 that either statement (ii) or (iii) implies (i). Suppose that µ is a lattice isomorphism. Then any ideal of C * r (B) is of the form C * r (I), and therefore is diagonal invariant. Recall from the comments preceeding Definition 3.13 that the inverse of µ is given by J → J ∩B e . To show that (i) implies (ii) we have to prove that B has the exactness property at any ideal I = (I t ) t∈G of B. The quotient map p : B → B/I induces a surjective homomorphism p r : C * r (B) → C * r (B/I), whose kernel contains C * r (I). Then I e = E B (C * r (I)) ⊆ E B (ker(p r )) = ker(p r ) ∩ B e , the last equation following from the diagonal invariance of ker(p r ). But ker(p r ) ∩ B e = ker(p| Be ) = I e = C * r (I) ∩ B e . Then ker(p r ) = C * r (I). To conclude that (i) also implies (iii) we have to show that B has the residual intersection property. So pick an element J = (J t ) t∈G ∈ I(B), and suppose that I ✁ C * r (B/I) is such that I ∩ Be Je = {0}. By Lemma 3.18 there is a unique I = (I t ) t∈G ✁ B such that J ⊆ I and I = C * r (I/J ). Then
That is, J e = I e . Since, by 3.8, this implies that I = J , it follows that I = {0}.
On the other hand, as it is easily checked, j * t Λ a (ξ) = aξ(t), for all ξ ∈ ℓ 2 (B). Therefore, if a ′ ∈ B e :
which shows that ac(t) = aĉ(t). The last statement follows from the first one and from the fact that ac = ca if and only if ac − ca = 0.
Lemma 4.2. Let b t ∈ B t , and
Proof. Since ab t = b t a if and only if (ab t − b t a)(x) = 0 for all x ∈ X, we have that
e if and only if b t (x)a(α t (x)) = b t (x)a(x) for all x ∈ X t −1 and a ∈ B e . Thus
e , and x ∈ X t −1 \ F t , we can pick an element a ∈ B e such that a(x) = 0 = a(α t (x)). Then b t (x)a(x) = 0, which shows that b t (x) = 0.
Zeller-Meier showed that if α is an action of a discrete group G on a commutative C * -algebra A, then A is a maximal commutative C * -subalgebra of the reduced crossed product A ⋊ α,r G if and only if α is topologically free onÂ ([22, Proposition 4.14]). The previous results allow us to generalize that result in the following way: e if and only ifĉ(t) = 0 outside F t , ∀t ∈ G. Then if for all t = e the interior of F t is empty, we haveĉ(t) = 0, so c ∈ B e , and therefore B ′ e = B e . On the other hand, if there exists t = e such that F t has a non empty interior, then there exists a ∈ D t −1 , a = 0, such that a(x) = 0 ∀x / ∈ F t . Since B t a = 0, there exists b (B) ). 4.1. The case of partial crossed products. We will consider next a partial action on a commutative C * -algebra A = C 0 (X), where X a locally compact Hausdorff space. It is clear from Example 2 that in this case the partial actionα associated to the Fell bundle agrees with α when X is identified in the usual way withÂ. In what follows we will write α to denote either one. 
Then we have that (i) ⇐⇒ (ii) ⇐⇒ (iii) ⇒ (iv) ⇐⇒ (v).
Proof. Corollary 4.4 shows that (i) and (ii) are equivalent. Besides, Corollary 3.4 proves that (ii) implies (iii), and its proof shows that (iii) implies (iv). Since (iv) and (v) are obviously equivalent, we are left with the proof of the fact that (iii) implies (ii). We will adapt to our setting the proof for global actions in [8, Theorem 2] , which in turn essentially follows [15] . Suppose (iii) holds. Let X be a locally compact Hausdorff topological space such that A = C 0 (X). Given x ∈ X, let o(x) denote the α-orbit of x: o(x) := {α t (x) : t such that x ∈ X t −1 }. Let H x := ℓ 2 (o(x)) with its canonical orthonormal basis {e y : y ∈ o(x)}. We now define the representation π x : A → B(H x ) by π x (a)(e y ) = a(y)e y , for all a ∈ A and y ∈ o(x).
We claim that the pair (π x , v x ) is a covariant representation of the system (A, α). In fact, if a ∈ C 0 (X t −1 ), y ∈ o(x): π x (α t (a))(e y ) = α t (a)(y)e y = a(α t −1 (y))e y if y ∈ X t 0 otherwise.
On the other hand, v t (a(α t −1 (y))e α t −1 (y) ) = a(α t −1 (y))e y . Let ρ x : A ⋊ α G → B(H x ) be the integrated form ρ x = π x ⋊ v x of the covariant representation (π x , v x ). If I = x∈X ker ρ x , then I ∩ A = 0, since if a ∈ A and ρ x (a) = 0 for all x ∈ X, then 0 = ρ x (a)(e y ) = a(y)e y , ∀x ∈ X, y ∈ o(x), which shows that a = 0. Since we are assuming that (iii) holds, I ⊆ ker Λ.
Let t = e and a ∈ A be such that supp(a) ⊆ {x ∈ X ∩ X t −1 : α t (x) = x}. Then we have, for x ∈ X, y ∈ o(x):
• if y ∈ supp(a) then α t (y) = y, and ρ x (aδ e − aδ t )(e y ) = a(y)e y − a(α t (y))e αt(y) = 0.
• if y / ∈ supp(a) then α t (y) / ∈ supp(a), and therefore we have ρ x (aδ e − aδ t )(e y ) = a(y)e y − a(α t (y))e αt(y) = 0.
From the computations above we conclude that aδ e − aδ t ∈ I. Therefore aδ e − aδ t ∈ ker Λ. Then a = E(aδ e − aδ t ) = 0, from which it follows that the set {x ∈ X ∩ X t −1 : α t (x) = x} has empty interior.
